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The temperature dependence of the fractionation of tritiated water (HTO) was examined during the crystal
growth of alum from its tritiated aqueous solution. When the ratios of the mole fractions of HTO in the water of
crystallization to that of the mother liquid, S, at various temperatures are compared, the following order is estab-
lished :

810.90 829,50 > S36.52 > 54195 > 47,43 > S53.70 = Se9.505

where the suffixes represent the crystallization temperatures, and where §5.90=0.975 and S;y.50=0.949. The
concept of the hydration of ions developed recently was applied to the problem of the crystal growth from the solu-
tion. Two kinetic parameters, such as the relaxation time of the aluminum ion for entering the surface, 7., and
that of the hydrated aluminum ion, Al(OH,)¢?t, for the exchange of the water with bulk water, 7,, were taken
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into account to explain the fractionation.
growth of alum from the solution.

A surface-diffusion mechanism was suggested as essential in the crystal
The activation free energy for the crystal growth from an unstirred solution

was found to be 18.17 kcal/mol, a value which was in good agreement with the value given by Bennema.

Tritium has some advantages over deuterium for
examining hydrogen isotope effects. However, the
fractionation of tritium in a hydrated crystal in equili-
brium with its aqueous solution had scarcely been
studied before the results on several hydrated crystals
were reported.1:2 Moreover, the temperature de-
pendence of the fractionation of heavy water has been
examined neither by the use of deuterated water nor
by that of tritiated water. In this connection, it
seemed that it would be quite interesting to study the
fractionation of tritium during the crystallization of
an inorganic hydrate at various temperatures.

It has been pointed out in a previous report? that
tritium-fractionation should be useful in the study of
phase equilibria between hydrated crystals and their
aqueous solutions. Such a study seems to have increas-
ing significance in connection with the recent develop-
ment of the ionic process in an aqueous solution, parti-
cularly with regard to the hydration of various ions.
It has become possible to examine the mechanism of
the crystal growth of inorganic hydrates from their
aqueous solution, as well as the kinetics of the de-
position of the hydration water of cations from the
solution, in the light of tritium fractionation.

Recently, Fiat and Connick® have obtained the
kinetic parameters of the hydrated aluminum ion in
an aqueous solution by the use of the ?O-NMR tech-
nique over a wide range of temperatures. Samoilov®
has investigated the hydration of alkali metal ions in
detail and found that the potassium ion diffuses in an
aqueous solution without any hydration water. In
addition, the crystal growth of alum from a very
slightly supersaturated solution has been studied ex-

* Present address: Shinonome Branch School, Faculty of
Education, Hiroshima University, Shinonome, Hiroshima.
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tensively by Bennema,’® who measured the growth
rate as a function of the relative supersaturation of
the mother liquid. He concluded from his study that
the crystal growth probably occurs by means of a
surface-diffusion mechanism originally proposed by
Burton et al.” As he pointed out himself, however,
much study remains to be done before a sound theory
of crystal growth from an aqueous solution can be
worked out.

Potassium aluminum sulfate dodecahydrate, KAl-
(SOy)-12H,0, has been chosen for the present study
aiming at the elucidation of the mechanism of crystal
growth from an aqueous solution. For this purpose,
it seemed that it would be interesting to study the
fractionation of tritiated water by slowly growing
crystals from a tritiated aqueous solution at various
temperatures. Another purpose of the present study
is to discuss the behavior of water during the crystal
growth from an aqueous solution, behavior which has
not been clarified by any other study.

Experimental

Potassium aluminum sulfate dodecahydrate obtained
from a commercial source was purified by recrystallization.
The solvent was twice-distilled water which contained a
trace of tritiated water (ca. 1.5 10-® mol//). The single crys-
tals of the hydrated salt were obtained from a very slightly
supersaturated solution at constant temperatures of 19.90°,
29.50°, 36.52°, 41.95°, 47.43°, 53.70°, and 69.50°C under
unstirred conditions.®> A seed crystal was obtained from
the same solution as that used for the succeeding crystal
growth. The form of the small seed crystal was nearly oc-
tahedral; the (111) face was well-developed in comparison

5) P. Bennema, Thesis, The Technical University of Delft
(1965).

6) P. Bennema, J. Cryst. Growth, 5, 29 (1969).

7) W. K. Burton, N. Cabrera, and F. C. Frank, Phil. Trans.
Roy. Soc., A243, 299 (1951).

8) This condition is necessary to determine the value of the
activation free energy needed for the aluminum ion to integrate
into the crystal surface, Ess; this value will be discussed later.
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with the other faces. The fluctuation of the temperature of
the mother liquid was within #0.02°C in a well-strirred ther-
mostat. The rate of the evaporation of the solvent was
so slow that only about 2 g of the well-developed (octahedral)
single crystal of the salt was obtained in a week from a large
amount of the mother liquid. The relative supersaturation
of the mother liquid was kept below ca. 1.2 102 during
each crystal growth.

Water from both the mother liquid and the single crystal
was recovered by heating them in a stream of nitrogen gas
until no further dehydration was observed. The tritium
content in the water of crystallization was then compared
with that in the corresponding mother liquid by an analysis
of the activity of tritium. The activity was measured with a
liquid scintillation counter (Packard Tri-Carb), using the
scintillant described in a previous paper.V

Results and Discussion

The separation factor, S, for the equilibrium be-
tween solid and liquid phases can be given as follows
in the case of a very low concentration of the relevant
isotope (HTO in this case):

S = N,/Ny,

where N, and N, are the mole fractions of HTO in
the solid and liquid phases respectively. Table 1 gives
the separation factor, S, together with the net counts
per minute (cpm),” which are proportional to the
amount of HTO, and the value of pH and the maxi-
mum relative supersaturation of the mother liquid
during the crystal growth.

It may be seen that a considerable dilution of HTO
occurs in the solid phase for the whole range of crystal-
lization temperatures. The separation factors ap-
parently decrease with an increase in the temperature
in the 29.50°—53.70°C range, implying that more
dilution of HTO in the hydrated crystal occurs at high-
er temperatures. On the other hand, no change in
dilution can be seen within the limits of experimental
error between 19.90° and 29.50°C or between 53.70°
and 69.50°C.

Calculation of the Minimum Separation Factor, S. It
has been reported in a previous paper! that HTO
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should be diluted in the crystal of inorganic hydrates
during the growth from a solution, if free water be-
haves according to a surface-diffusion mechanism in
which a growth unit essentially diffuses along the crystal
surface before integrating into the kink.” On the
contrary, the value of S has been calculated to be
unity when the crystal growth follows a volume-dif-
fusion mechanism; there is a direct integration from the
solution into the kink without any surface diffusion.?
It can thus be assumed here that free water should
crystallize from the solution to give the water of crystal-
lization in KAI(SO,),12H,0O by the surface-diffu-
sion mechanism, since HTO was found to be diluted
during the crystal growth of the salt.

Assuming an equilibrium between the free water
in the solution and that on the crystal surface, the
rate of the integration of the free water into the crystal,
R, can be expressed as follows:

R = aC{dNy(kT/|2nm)"/*(0% 0,)tanh(01/0), 2)

where
«=correction factor,
Co=retarding factor,
Q=volume of a growth unit,
Ny=equilibrium concentration of growth units per
m! of the solution,
k=Boltzmann’s constant,
T=absolute temperature,
m=mass of a growth unit,
og=relative supersaturation, and
0,=parameter.
The Ruro/Ru.o ratio is thus obtained in the case of the
crystal growth by the surface-diffusion mechanism,
recognizing that all the factors other than m are inde-
pendent of the hydrogen isotope:!)

Ryuro/Ru,0 = (Mu,0/muro)?/? = 0.949, (3)

where Ruro/Ru,o is the ratio of the integration of HTO
to that of H,O molecules into the crystal and where
mm,o/muro is the mass ratio of H,O to HTO molecules.
It follows from Eq. (3) that the minimum value of §
(or the maximum dilution of HTO in the crystal) is
equal to 0.949. This value was derived by assuming

TABLE 1. SEPARATION FACTOR, S, OF TRITIATED WATER, HTQO, DURING THE CRYSTAL GROWTH OF ALUM
FROM ITS AQUEOUS SOLUTION AT VARIOUS TEMPERATURES

Net cpm of HTO®

Temp. (°G) pH Fmaz® Sobs
Mother lig. (V) Crystal ()

19.90+0.01 3.31 1.0x10-2 27097116 2642541159 0.97540.004
29.50+0.02 3.20 1.2x10-2 456784210 444774559 0.974+0.003
36.52+0.01 3.09 1.1x10-2 70925+379¢ 6872041729 0.969-+0.004
41.95=+0.01 3.05 9.0x10-3 30128+119» 290004143» 0.963+0.004
47.43+0.02 2.88 1.0x10-2 67027266 64284 +306° 0.959+0.005
53.70-0.01 2.70 1.0x10-2 555004273 52495234 0.946+0.004
69.50+0.02 1.85 8.0x10-3 32253156 306011162 0.949-0.004

a) cpm in each sample water of 0.1 g with mean square error.
b), ¢) Measured using counters of 35 and 45% efficiencies respectively.

d) degree of supersaturation.

9) Each cpm listed in Table 1 was obtained by averaging the
activities per 0.1 g, which were measured 6—38 times for a given

sample of water.
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that the fractionation of the isotope results, if at all,
only from the free water and, practically speaking,
not from the hydration water of the cation.

Free Water in the Aqueous Solution. In the aqueous
solution of alum, there are three hydrated ions: K-
(OHy),*, Al(OH,)¢**, and SO,(H,0),*~. The hy-
dration number of the aluminum ion has been de-
termined exactly,'® while those of other ions are am-
biguous at this stage. As will be seen, however, the
result may be independent of the hydration numbers of
K+ and SO,?- ions, i.e., p and ¢. It is improbable
that the hydrated aluminum ion, Al(OH,)3+, is sub-
ject to dehydration in the solution as are the hydrated
cations studied in a previous paper,? since Al(OH,)g3+
is rather stable; the order cf its lifetime was found to be
7.5sec at room temperature.®

It can be assumed here that the apparent free water
molecules may result from the hydration water when
the relaxation time needed for AI(OH,)3* to integrate
into the crystal surface, 7,, is longer than that needed
for the hydrated ion to exchange its hydration water
with bulk water, r,. This assumption may be explained
by examining a given water molecule rather than the
aluminum ion. That is, a given hydration water
molecule of Al3+ is liberated during the integration
into the crystal surface if 7,>7,. The resulting hy-
dration water of Al(OH,)3* also exchanges with a
free water molecule on the surface during the inte-
gration into the kink, since the sphere can reside on
the surface over the interval of 7, or a little longer.®
The water molecules of AI(OH,)+ which integrate
into the kink from the surface are thus assumed to
result from the originally free water on the surface.
On the other hand, half of the hydration water may be
taken statistically to come from free water molecules
on the surface when 7, is equal to z,.

The hydration of the sulfate ion is supposed to be
generally negligible. As for the hydration of the potas-
sium ion, a recent concept by Samoilov¥) may be pro-
perly referred to in the present case. According to
him, the potassium ion diffuses in a solution without
any accompanying hydration water. It follows from
the preceding argument that the estimation of the
fraction of the free water which plays an important
role in the crystal growth can be deduced from the
hydration of the aluminum ion.

T, of the Aluminum Ion. The relaxation time
for the exchange of the hydration water with bulk
water has been extensively studied by a number of
methods. Although only the order of magnitude of
the lifetime of the species, Al(OH,)%+, had previously
been reported, the exact value has recently been found
using a YO-NMR technique by Fiat and Connick.?
The measurement was carried out over a wide range
of temperatures and the activation free energy for the
exchange and the relaxation time were both derived.
The lifetime of the AI(OH,)q3+ species is reproduced
in Fig. | as a function of the reciprocal of the absolute
temperature.

Estimation of the Value of .. The relaxation

10) H. W. Baldwin and H. Taube, J. Chem. Phys., 33, 206
(1960); R. E. Connick and D. N. Fiat, ibid., 39, 1349 (1963).
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Temp. (°C)
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L

3.0 3.1 32 33 34
(1/T)x 10% (°.K-1)
Fig. 1. Plots of 7z, and z, vs. 1/T.
@ 7. calculated from Ref. 3.

O 7. calculated in terms of Eq. (4) using the value of
Egz, 18.2 kcal/mol.

time of the aluminum ijon for integrating into the
crystal surface, 7,, can be represented by the equation:®

7. = (R/kT) exp(E,;/kT), “4)

where E,, is the activation free energy of the ion for
integrating into the crystal surface. It seems im-
possible at this stage to determine the value of E,,
accurately, since only the total activation energy for
the crystal growth, E,, can be obtained from the re-
lation between the growth rate, R, and the tempera-
ture at a constant relative supersaturation, 6. How-
ever, the value of E;, may be nearly equal to that
of E, or a little smaller, if the activation free energy
of the aluminum ion for integrating into the kink
from the surface, E,, is relatively small. That is,
it is possible to obtain the value of E; experimentally
if the surface-diffusion mechanism is essential in which
the integration of the cation into the surface is the
rate-determining step. An energy diagram for the

Solution Surface

Kink

Fig. 2. The free energy diagram of the aluminum ion for
integrating into the crystal from an unstirred solution.
The dotted line denotes the barrier in the case of a well-
stirred solution.
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integration of the cation from the solution into the
crystal is shown in Fig. 2.

On the other hand, the value of E,, can also be
estimated from a R-¢ relation in which the growth
rate, R, is expressed as a function of the relative super-
saturation, ¢, at a constant temperature. According
to Bennema, the rate of the crystal growth of KAl-
(SO,)5+12H,O from a well-stirred solution is given
in the case of the surface-diffusion mechanism as
follows:®)

R = BC,QY(KkT/h) AN,{exp(—E,;/kT)}(0? o,)tanh(o,/0),

Q)
where B is a retarding factor and A4 is the thickness
of the adsorption layer. He has thus estimated the
value of E,, to be 14.0 kcal/mol at 40°C in the case
of a stirred solution. The value may, however, have
some ambiguity at this stage due to the adjustable
parameters, C, and 4.

In the case of an unstirred solution, the following
equation may hold:

E,; = 14.0 + Eg, (6)

where £, is the activation free energy of the aluminum
ion for diffusion in the solution. Equation (6) seems
possible, for the activation processes of the cation for
the diffusion and the integration into the surface
should occur simultaneously. Accordingly, the
value of E,, becomes 18.2 kcal/mol in the case of an
unstirred solution, assuming the value of E; to be
4.2 kcal/mol, as was given by Eyring.!V Neglecting
the temperature dependence of the value of E,,, it
becomes possible to obtain the value of 7, using Eq.
(4) over the temperature range of 19.90°—69.50°C.
Figure 1 shows the values plotted against the recip-
rocal of the absolute temperature.

Calculation of the Value of S. From the relation
between 7, and 7, the separation factor, S, can be
calculated at a given temperature, taking account
of Eq. (3). Since 7, is larger than 7, at 19.90°, 29.50°,
and 36.52°C, as may be seen from Fig. 1, the alumi-
num ion should enter the crystal surface, accompanying
the hydration water; that is, the species of the growth
units are K+, AI(OH,)st, SO,.%-, and H,O for the
crystal growth of alum. Assuming for the moment
that the hydration water of Al(OH,)¢3t is not subject
to any fractionation of HTO from the bulk water,
the value of § at 19.90°, 29.50°, and 36.52°C is cal-
culated to be 0.975 as follows:

S = (6x1.000+6x0.949)/12 = 0.975. (7

At 41.95°C, 7, is equal to 7, This means that
the number of the hydration water of the cation,
which integrates into the surface, is reduced to half of
the preceding value; i.e., the apparent species of the
growth units may become K+, Al(OH,) 3+, SO,2-, and
H,0. The value of S is calculated as follows: S=
(3x1.000+9x0.949)/12=0.963. The implication of
the assumption that 7,=7, at 41.95°C seems quite
important in that the value of E,, (or the value of

11) S. Glasstone, K. J. Laidler, and H. Eyring, “The Theory of
Rate Processes,” McGraw-Hill Book Co., Inc., New York (1941),
p. 557.
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7,) can be determined rather exactly in terms of Eq.
(4) if the value of 7, is known, as is the case with the
present study. It may be noted here, however, that
the evaluated 7, value may be a little ambiguous, as
was pointed out before. As will be shown later, it
is more reasonable to assume the reverse, that the
7,=7, equation holds when the observed value be-
comes 0.963.

At a higher temperature, the cation should inte-
grate into the crystal surface apparently, without
the hydration water, as was discussed before, because
the 7,>7, relation holds in this case. It follows that
all of the water of crystallization in alum should come
from free water molecules, so the value of § becomes
0.949, as may be seen from Eq. (3).

At temperatures around 41.95°C, ‘.., at 36.52°C
and 47.43°C, however, the separation factors are
unlikely to take the extreme values of 0.975 and 0.949
respectively, because both 7, and 7, values should
have some distribution and so should overlap to some
degree. Accordingly, it is necessary to take account
of the apparent loss of half of the hydration water
of AI(OH,)g3* at 36.52°C. As a result, the apparent
species of a growth unit for the aluminum ion at
36.52°C becomes Al(OH,), %+ with 3<m<6. Simi-
larly, the apparent species at 47.43°C can be given
by Al(OH,),** with 0<2<3. It follows that the
separation factors, §, at 36.52° and 47.43°C are, at
this stage, calculated to be in the ranges of 0.975—
0.963 and 0.963—0.949 respectively. This also means
that the apparent species of the growth unit changes
continuously into the dehydrated aluminum ion,
A+, from the AI(OH,)g3* species with an increase
in the temperature in the range of 29.50°—53.70°C,
which thus leads to a continuous decrease in the value
of § from 0.975 to 0.949 as the dehydration proceeds.

It should be noted here that the above treatment
for the apparent dehydration of the species, Al-
(OH,)¢t, is statistically true. The calculated value
of S is given in Table 2, together with the values
of 7, and 7,, and the apparent species of growth
units. It seems worthwhile noting that the observed
values are in good agreement with the calculated
ones.

Factors Which May Influence the Value of S. It
is well known that an aqueous solution of alum gives
an acidic solution because a hydrolysis of the Al-
(OH,)¢t species occurs in the solution, a hydrolysis
which is represented by a reaction such as:

AL(OH,) 2+ + H,0 2 Al(OH,),(OH)2+ + H,0+.

It is thus necessary to obtain the concentration ratio
of the tritiated hydronium ion, H,TO%, to the tritiated
water, HTO. The T,0+ and HT,O* species can be
neglected as a source of tritium, since the mother
liquid used contains a trace amount of HTO.

Salomon!? has calculated the equilibrium constant
of the reaction:

H,0 + H,TO* 2 HTO + H,0+,
to be 1.051 at 25°C. Therefore, the concentration

12) M. Salomon, Can. J. Chem., 44, 689 (1966).
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TaBLE 2. CALCULATED SEPARATION FACTOR, S,,;, THE VALUES T, AND T,, AND APPARENT SPECIES
OF GROWTH UNITS IN THE CRYSTAL GROWTH OF ALUM
Temp. (°C) 7, (sec) T, (sec) Apparent species of growth units Sear®
19.90 5.7 15.7 K+, Al(OH,)¢+, SO.2-, and H,O 0.975(0.971)
29.50 2.1 3.4 K+, AlI(OH,)¢+, SO,%-, and H,O 0.975(0.971)
36.52 1.0, 1.2, K+, AI(OH,) %+ ¥, SO.2-, and H,0 {ES'SZ;% (0.971)
41.95 0.6, 0.6, K+, Al(OH,),%+, S04%-, and H,0O 0.963
0.96
47.43 0.3 0.2, K+, AI(OH,),**?, SO.2-, and H,O {;0.943
53.70 0.2 0.1 K+, AP+, SO,2-, and H,0O 0.949
69.50 5.4x10-2 1.7x10-2 K+, A3+, SO.2-, and H,0 0.949
a) 3<m<6
b) 0<n<3

c) The value corrected considering the species, AI(OH,)s(HTO)3+, is given in parentheses.

ratio of H,TO* to HTO in the solution is calculated
to be ca. [H;0%]/55.6, where [H;O*] refers to the con-
centration of H,O+. It follows that the H,TO+
species need not be considered as a source of tritium
if [H;O+]<10-!gram ion/l. In the present study,
the pH value of the mother liquid is larger than 1.85,
so only HTO molecules have to be considered in cal-
culating the value of S.

As for the crystal growth at 19.90° and 29.50°C,
the AI(OH,)¢t species has been found to integrate
into the crystal surface, accompanying the hydration
water, as has been discussed before. Therefore, the
Al(OH,),(HTO)3+ species should be taken into con-
sideration in this case. The more tritiated species,
e.g., AI(OH,),(HTO),3*+ are negligible, since the con-
centration of HTO 1is extremely low in the present
case. Assuming the identical behavior of the species,
Al(OH,);(HTO)3+, with a free water molecule in
fixing into the crystal from the solution, the value of the
separation factor for the species is estimated to be ca.
0.993 in terms of Eq. (2). The fractionation, if any,
of HT'O in the hydration water of the cation from bulk
water is disregarded at this stage, which may lead to a
little ambiguity in the calculation of S.

Mechanism of the Crystal Growth and the Fractionation
of HTO. Since the 7,=7, relation is established
when the species of a growth unit for the aluminum
ion becomes Al(OH,)43+, as has been described above,
the value of E,, may be deduced in terms of Eq. (4),
using the known value of 7, The value of E,, at
41.95°C is thus estimated to be ca. 18.17 kcal/mol in
the case of an unstirred solution. It is interesting that
the activation free energy for the exchange of the water
in Al(OH,) 2+ with bulk water, E,,, becomes equal
to the value of E,, at this temperature, as may be seen
from the equation:1?)

e = (R/ET) exp(Ees /K T). 8)
The E,,=E,, condition is important in that it is dif-
ficult to obtain the value of E,, experimentally as well
as theoretically, while the value of E,, can be deter-
mined experimentally.

The mean displacement of the growth unit on the
surface, x,, can be estimated approximately, since
the value of the activation free energy necessary for

13) H. Eyring, Chem. Rev., 17, 65 (1935).

leaving the surface, E,;, is nearly equal to the value
of E;,. The value of x; for the aluminum ion is ob-
tained in terms of the expression:®

%y = a exp{(Ey; — Fyq)[2kT}, 9)

where a is the shortest distance between neighboring
growth units in the crystal and where E,; is the acti-
vation free energy for the diffusion of the growth unit
from one equilibrium position to a neighboring one on
the surface. The value of E,, is assumed to be ca.
7 kcal/mol according to Bennema,? so the value of
x, can be estimated to be ca. 7.6 X10% 4. This implies
that the cation diffuses over a wide range of the surface
before integrating into the kink, because x,>a. It
follows that the surface-diffusion mechanism should
play an essential role in the integration of the cation
into the crystal, since the x,>a relation is a necessary
condition for integration by means of this mechanism.
This also implies that the integration of the cation into
the surface should be the rate-determining step; there-
fore, the value of E, is relatively small in comparison
with the value of E,, (¢f. Fig. 2).

Accordingly, the crystal of alum should grow by
the surface-diffusion mechanism, assuming that the
rate of integration of the aluminum ion determines
the overall growth mechanism. This assumption is
supported by the facts that alum necessarily crystallizes
from a slightly supersaturated solution in a stoichio-
metric way and that the cation has the lowest relax-
ation time for integrating into the crystal. The preced-
ing discussion may be regarded as another argument
for the mechanism of the crystal of alum which has
been suggested by Bennema.®% It may be concluded
from the present study that isotopic fractionation in
phase equilibria is largely influenced by the crystal-
growth mechanism and the system of ions and water.
The determination of the isotopic fractionation during
the crystal growth of hydrated salts from a slightly
supersaturated solution should thus contribute to an
understanding of the growth mechanism and/or the
system of the aqueous solution.
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